We develop, analyze, and simulate a physical model of Li + -ion conduction inside polyethylene oxide (PEO) helical tubes, which are the solvent of LiI salt. The current is due to diffusion and electric interactions with a permanent external field, the PEO charges, and ion-ion interactions. Potential barriers are created in the PEO by loops in structure. We calculate the energy of configurations of one or two lithium ions in the loop and derive an explicit expression for the activation energy. We use Kramers' formula to calculate the conductivity as function of mechanical stretching, which lowers the barrier and causes an exponential rise in the output conductivity.
Introduction
In [1] and [2] we developed a model of lithium ion conduction in dilute and concentrated polymer electrolytes (LiI : P (EO) n (3 ≤ n ≤ 100)), based on an analogy between protein channels of biological membranes that conduct N a + , K + , and other ions [6] , and the PEO helical chain that conducts Li + ions. There are, however, significant differences between them: while protein channels are embedded in the cell membrane and their nearly rectilinear pores are aligned, the PEO molecules contain loops and their directions are random (see Figure 1 .1). When a voltage drop exists between the terminals of the loop, ions have to diffuse up potential gradients in order to traverse the loop and reach the cathode. Diffusion over potential barriers gives rise to an Arrhenius-type relation between voltage and current [11] . Unfolding the loops by mechanical stretching can, therefore, affect the conductivity of a PEO electrolyte in a decisive fashion. While [2] presents simulations of PEO loops with various degrees of stretching, our purpose in this paper is to elucidate, both analytically and numerically, the effect of stretching and concentration on PEO conductivity.
To make this paper self-contained, we recall some basic facts from [2] . In our model the PEO chains adopt a helical conformation with all C − O bonds trans and C − C bonds either gauche or gauche minus [5] . We assume that there are no ionic cross-links between chains and there are only weak van der Waals interactions. Typically, the composition of polymer-salt complex is 3 : 1. Changing the polymer-salt ratio from 3 : 1 to 1 : 1 has a profound influence on the PE structure [5] . The polymer chain conformation changes from helical to a stretched zigzag arrangement and the cations are coordinated by only two ether oxygens and four anions. The anions coordinate simultaneously cations, which are themselves associated with different PEO chains. As a result, there is extensive inter-chain cross-linking in the 1 : 1 complexes.
Increasing the polymer-salt ratio from 3 : 1 to 6 : 1 has an equally profound influence on the crystal structure (see [5] ). The cations are arranged in rows, where each row is located within a cylindrical tunnel formed by two PEO chains. Each chain forms the surface of a half cylinder and the two chains interlock on each side to complete the cylindrical arrangement. The anions do not coordinate the cations, but are instead located outside the PEO cylinder in the inter-chain space. The anions are also arranged in rows.
On passing from the crystalline to the amorphous state, the structure is largely retained with only a loss of register between the chains, leading to disruption of the long range order [5] . In particular, it appears that the PEO chain retains its helical conformation while the cations remain inside the helices and are associated with their anions. The fact that in both 3 : 1 and 6 : 1 compositions the cations remain within tunnels defined by the PEO chains suggests that cation transport occurs preferentially along such tunnels, with the rate limiting step being transfer between tunnels, in agreement with [4] . 
The physical model
We assume that the as-cast PEO under consideration consists of long helical chains of small radius, whose axes are oriented randomly. The axis of each chain is bent many times, forming a random helix. We consider one turn of such a helix and assume it is a circular loop (see Figure 2 .1). The equation of the helical loop is
where d is the step of the helix. The random loop radius is assumed to be significantly longer than the random step of a helical turn. The axis of the random helix, which is essentially a bundle of loops, is inclined relative to the line perpendicular to the electrodes A and K, which are a distance L ≈ 100µm apart and the voltage drop between them is ∆V = 3−3.5V , depending on the cathode materials used in a lithium/polymer electrolyte battery (see Figure 1 .1 for a single chain that bridges the gap). The dielectric constant of the PEO is ε = 2.5. The angle of inclination α is assumed uniformly distributed in the interval 0 ≤ α ≤ π/2. For α = 0, the main lithium ion transport mechanism is diffusion and transport down the potential gradient inside the channel.
The structure of the PEO
The solenoidal PEO helix, Figure 2 The spatial structure of the PEO is that of a random helix formed by the narrow helixsee Figure 1 .1. We measure arclength s along the axis of the narrow helix and use it as a global coordinate of a lithium ion.
The electric potential
We consider only the effect of the loop on the conductivity of the PEO and disregard the Coulombic potential of the permanent charges in the polymer. To show that this is a valid approximation, we write the potential created in a loop of radius R in a plane perpendicular to the electrodes at arclength s on the axis of the narrow helix by the PEO charges as [2] 
and η is the angle between the plane of the loop and the plane of the electrodes. We write the configuration space coordinates of the lithium and iodide ions respectively as
The potential of the electric field acting on the n-th lithium ion at s n in the loop, including the Coulombic potential of the inter-ionic forces, is
and that of the force acting on the n-th iodide ion at s n is
A more complex configuration consists of N linear segments of lengths S i , inclined at angles 0 ≤ α i ≤ π/2, (i = 1, 2, . . . , N ), and N − 1 circular loops of radii R i , attached at the ends of the linear segments at angles 0 ≤ η i ≤ π/2, (i = 1, 2, . . . , N − 1), respectively. The endpoints of the linear segments are the arclengths
and the arclengths in the loops are µ k ≤ s ≤ λ k+1 , (k = 1, 2, . . . , N − 1). Note that λ 1 = 0 and Ψ E (λ 1 ) = V A , and Ψ E (λ k+1 ) = Ψ E (µ k ). The electric potential of the applied voltage is
A simplified potential of the ion-ion Coulombic forces contains only interactions of ions that are in the same segment or the same loop. Thus the simplified potential of the electric field acting on the n-th lithium ion in the linear segment
and that of the force acting on the n-th iodide ion at
The simplified potential of the electric field acting on the n-th lithium ion in the loop
We have assumed here that the iodide is located at the distance r CH from the axis of the helix. 
Energy of one lithium and one iodide ion in the loop
According to (2.4) and (2.5), the non-dimensional potential energy of the configurations of one lithium at central angle x and one iodide ion at central angle y is
where the dimensionless radius of the loop is ρ = R/L, the constant
is dimensionless, δ = d/2R is the dimensionless step, and ρ CH = r CH /2R is the dimensionless radius of the pore. For simplicity, we keep the fixed values δ = 0.1 and ρ CH = 10
, although they change by stretching, and investigate the energy landscape for ρ = 9 × 10 As the effective radius of the loop is decreased to ρ = 0.02 (Figure 2.6) , the barrier height drops to about 5k B T and it is easier to diffuse into the other stable state, where the ions form a dipole (the diagonal in Figure 2.7) . Finally, as the effective radius is decreased to ρ = 0.0009, the local minimum disappears (Figure 2 .10) and there is no barrier. As the two ions enter the loop, they slide down the potential slope to form a dipole (the diagonal in Figure 2 .11) and exit the loop by unopposed diffusion.
When there are several lithium ions in the loop, they form dipoles with the external iodide and neutralize each other. But as one lithium ion leaves into the cathode and a new one enters from the anode, the situation described above is repeated and effectively we see only one lithium and one iodide ions that do not form a dipole, as described above. 
The conductivity
The basic electrochemistry of the lithium-ion battery involves only the transfer of lithium ions between the two insertion electrodes. Typical lithium-ion battery consists of a carbon-based negative electrode (anode) and a lithium transition metal oxide positive electrode (cathode). Upon charging, lithium ions are extracted from the positive electrode material and inserted into the negative electrode material. Upon discharging, the reverse process is taking place. After formation of thin passivating film on the electrodes, named solid electrolyte interphase, SEI ([3]) anions do not participate in the interfacial electrochemical reactions.
When a lithium ion intercalates to the cathode the PEO is no longer electrically neutral, because the iodide stays in the space between molecules. As a new lithium ion enters the loop from the anode side, an uncompensated iodide ion is drawn into the loop from the cathode side and the pair is kept apart by the external field and the other ions form dipoles. To exit the loop the separated lithium and iodide ions have to overcome the potential barrier that keeps them apart and then diffuse out of the loop as a dipole, as described above. Thus the current through the loop is determined by the rate of thermal activation of the separated pair over the barrier. The rate is given by Kramers' formula [11] , generalized to two dimensions [12] , [13] (see [7] ),
where Ω is a steric factor that depends on the diffusion coefficient and on the geometry of the potential well. The height of the potential barrier, measured in units of k B T , is given by
The energy landscape is symmetric about the line x + y = 2π so both the minimum and the saddle point are on this line (see figure 3 .1). The saddle is very flat and is weakly dependent on ρ, except for ρ << 0.01, where the barrier practically disappears, as is clearly seen in figures 2.6-2.11. 4) and
where s is arclength along the separatrix (the unstable direction) and n is the outer unit normal to the separatrix at the saddle point. The steric factor is weakly dependent on ρ, so the rate, normalized by Ω, which is the normalized current, is given by the Boltzmann factor in (3.1) and decays exponentially as ρ increases (Figure 3.4) . Since the external voltage is fixed at about 3.5V , the conductivity is proportional to the current with proportionality constant 3.5.
Discussion and conclusions
When the shape of a PEO molecule has some torsion, a pair of lithium and iodide ions in one winding of the molecule is kept apart by the external voltage and rests in a meta-stable configuration. Thermal activation of the pair over the potential barrier changes its configuration to an electrically neutral dipole, which then leaves the winded loop by unopposed diffusion. The determining factor in the process of lithium conduction in a lithium/polymer electrolyte battery is therefore the activation rate. This observation indicates that PEO conductivity is much like that in ionic crystals and is therefore given by the Nernst-Einstein type formula (3.1) [14] . A detailed derivation of this formula is given in [7, Chapter 8] .
The calculation of the potential barrier and current for a loop with two disjoint pairs of Li + and I − in the loop are analogous to those for a single pair, as detailed above. The slope of the potential barrier height vs ρ is higher for two disjoint pairs in the loop. This indicates that stretching is more effective at higher concentrations.
The analysis of this scenario can explain the dramatic changes in conductivity observed in the simulations of [2] . The exponential dependence of the activation rate on the loop radius can lead to the 40-fold increase in conductivity of the stretched polymer.
Experimental results
Machine stretching of the polymer electrolyte films with different concentration of LiI salt in PEO matrix has been carried out at room temperature at constant rate of 10.6 mm/min.
The ionic conductivity of polymer electrolyte in the longitudinal direction has been measured in situ. During stretching the length of the film increases. This is followed by alignment of the helixes of the polymer chains and favors the ionic transport of lithium cation inside the helices. In addition, longitudinal orientation of helices promotes the cation jump from helix to helix.
On stretching the conductivity orthogonal to film plane decreases, that once again showed that stretching orders the structure of LiI : P (EO)n polymer electrolytes. The higher is the speed of stretching, the lower is the conductivity enhancement.
Numerical results
We capture in our model this stretching-induced onset of order by representing the main geometrical features of the polymer molecule in terms of randomly oriented linear segments and circular loops and their transformation by stretching (see Fig. 1.1 ). Linear segments tend to align in the direction of stretching and the radii of circular loops decrease. The effect of conformational changes on conductivity is captured in our simplified model of Li
The percentage of stretching corresponds to change changes in ρ in our model from 0.16 down to 0.0001. The simulation results show good agreement with experimental data of the effect of stretching on the longitudinal conductivity of LiI : P (EO) 20 , LiI : P (EO) 7 , LiI : P (EO) 9 at room temperature (Figs. 4.1 and 4.2) . The agreement is not only in the correct trend (increase of the conductivity with stretching, slope of the graph), but also in the absolute values of the conductivity. While the simulations accounts for the qualitative observations, the good agreement with experimental data supports the validity of our model.
In Fig. 4 .1 relevant to this concentration, the curves corresponding to smaller salt concentration are presented also, for LiI : P (EO) 40 and LiI : P (EO) 100 . There are no experimental data relevant to this concentrations. ) vs stretching at concentration ratios LiI : P (EO) 7 at room temperature The experimental and numerical data collected on Fig. 4 .1, correspond to concentrations from n = 20 to n = 100. The conductivity enhancement (slope of the graph) is higher in the more concentrated polymer electrolyte. This indicates that stretching is more effective at higher concentrations, which is explained by the fact that the slope of the potential barrier height vs ρ is higher for two disjoint pairs in the loop, as shown in the Fig. 3.3 . Figure 4 .2 shows similar results for LiI : P (EO) 7 and LiI : P (EO) 9 . However, due to the peculiarities of the structure of these polymers, they have to be studied separately. For LiI : P (EO) n , n = 20 ÷ 100, the PEO chains adopt helical conformations with all C − O bonds trans and C − C bonds either gauche or gauche minus. Each PEO chain is associated with a dedicated set of cations and anions that do not coordinate to any other chain. In other words, there is no ionic cross-linking between chains, only weak van der Waals interactions.
Increasing the polymer:salt ratio from 3:1 to 6:1 has a profound influence on the crystal structure (see [5] ). The cations are arranged in rows with each row being located within a cylindrical tunnel formed by two PEO chains. The chains are not helical. Each chain forms the surface of a half cylinder and the two chains interlock on each side to complete the cylindrical arrangement. The anions do not coordinate the cations but are instead located outside the dimensions of the PEO cylinder in the inter chain space.
The stretched LiI : P (EO) 7 polymer electrolyte has highly elastic rubber structure, the relaxation of which in the process of stretching starts immediately after release of the load. To achieve nonreversible structural changes the film of LiI : P (EO) 7 electrolyte was kept under the load at about 65 o C for at least 12 h. The LiI : P (EO) 9 polymer electrolyte behaves similarly on stretching; its rubber properties, however, are less pronounced. Dilute polymer electrolyte LiI : P (EO) 20 was only partially stretched, because its structure does not allow further stretching.
In our simplified model we assume that the stretched polymer adopts a modified helical structure, similar to that of an extended salt-free PEO helix, but no cylindrical tunnel is formed by two PEO chains. Everything else is in line with experimental data. In this conformation, all the CH 2 groups face outward. This facilitates wagging and twisting out-of-plane deformations.
In the aligned conformation of the helix the oxygen atoms are directed inward, lining the tunnel cavity, thus favoring cation transport. Despite its simplicity, our model indicates that LiI : P (EO) 7 has the maximum conductivity enhancement in the stretch, as seen from experimental data. This is attributed to highly aligned cylindrical tunnels for Li + transport in double PEO chains coordinating the cations, as suggested by [5] and tends to support the validity of our model.
If the cation/polymer substructure is maintained, then in both the 3:1 and 6:1 compositions the cations remain within tunnels defined by the PEO chains. If this is the case, then a random arrangement of chains, such as might be envisaged in a simple amorphous polymer, is not conducive to ion transport. Instead, by organizing chains in a more aligned fashion, transport along and between chains is facilitated.
The steric factor is weakly dependent on ρ, i.e. on the percentage of stretching, so the rate, which is the conductivity, is given by the Boltzmann factor in 3.1) and thus decays exponentially as ρ increases (see Fig. 3 .4 for a single and two pairs). ) vs stretching at concentration ratios LiI : P (EO) 20 , LiI : P (EO) 40 and LiI : P (EO) 100 at room temperature.
We believe that theoretical insight into the transport processes can help in research and development of new rigid polymers with ordered channels and composition for enhanced ion transport.
